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Several aspects of the dynamics of a granular two-dimensional �2D� packing of disks slowly tilted until the
system loses stability and an avalanche takes place are discussed. The evolution of the system, constructed with
monodisperse disks placed on a thin cell, is studied by image analysis. As in the 3D case �packing of spheres�,
the system undergoes several rearrangements of different magnitude before the avalanche takes place. For thick
systems, not only are small rearrangements detected but also displacements of large clusters of disks are
observed in the bulk and on the free surface of the packing. In particular, characteristic angles and the
avalanche mass were determined for samples of different heights. On thick systems, velocity fields of large
rearrangements are presented and changes in the internal structure of the packing produced by these rearrange-
ments are analyzed. It is found that the main effects of rearrangements is to increase the disorder of the system.
Also, as the disorder of the system increases its stability threshold decreases.
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I. INTRODUCTION

Avalanche processes in three-dimensional sphere pack-
ings have been exhaustively studied �1,2�. Prior to the ava-
lanche, several rearrangements �movements of spheres� of
different sizes �number of spheres in motion� are observed at
the free surface; their size distribution and frequency have
been thoroughly studied. Indirect evidence that larger rear-
rangements involve not only the free layer but also the bulk
has been found.

In order to verify whether large rearrangements affect the
bulk of the system and prepare it for the avalanche, experi-
ments were made with a two-dimensional disordered packing
of disks, slowly tilted until it loses its stability. The general
characteristics of the dynamics of these large events are stud-
ied and modifications of the contact network due to large
rearrangements are characterized by image analysis. Special
interest will be devoted to the disks velocity profiles during
these events.

With respect to contact network changes there have been
numerical studies �3� in a two-dimensional granular system
similar to the one described in Sec. II. The author found that
as the system evolves toward the avalanche, the packing in-
creases its anisotropy.

On the other hand, grain velocity profiles during granular
flow have been analyzed experimentally and theoretically in
different geometries. Komatsu et al. �4� use a quasi two-
dimensional system in which the particles form a triangular
shaped pile with rapid flow on the free surface and creep
motion for deep layers. In these deep layers they found an
exponential dependence of the velocity on the distance to the
free surface. They also developed a semiempirical model
based on void migration which explains the experimental
variation.

Bonamy et al. �5� investigate steady granular surface
flows in a rotating drum. They found a velocity profile de-
creasing exponentially with depth in the quasistatic phase
and remaining linear in the flowing layer.

Veje et al. �6� describe experiments on a two-dimensional
Couette system in which the inner cylinder rotates and the
outer one is at rest. In the shear zone, the azimuthal velocity
decreases exponentially with the distance to the moving wall
with a small Gaussian correction.

In other experiments, Mueth et al. have shown �7� that in
a three-dimensional �3D� Couette cell with the inner cylinder
rotating filled with seeds or glass spheres the azimuthal ve-
locity can be expressed as a product of an exponential decay
and a Gaussian. More precise experiments were later per-
formed by Mueth �8� using the same experimental device
with a mixture of stainless steel balls. He found again that
variation of the velocity with the distance to the moving wall
is well described by the product of an exponential and a
Gaussian. The experimental setup and procedure are de-
scribed in Sec. II. In Sec. III the onset of the avalanche is
studied as a function of the packing height. In Sec. IV we
analyze in detail large rearrangements occurring in the bulk
of thick systems including about 20 layers, before the ava-
lanche is triggered. Characteristic velocity fields during these
rearrangements are presented in Sec. V, in particular, the dis-
tribution of the velocities and their mean values are analyzed
in detail in Secs. V A and V B. In Sec. VI, we present a
comparison between the contact network at the beginning of
the experiment and just before the avalanche starts. These
results are discussed in Sec. VII.

II. EXPERIMENTAL SETUP

The experimental setup is shown in Fig. 1. Wood disks of
mass m=0.76±0.03 g and diameter d=14.16±0.06 mm are
placed inside a transparent acrylic thin cell with a gap of
6.5 mm, slightly larger than the thickness �
=6.30±0.02 mm of the disks. The box has a length L
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=45 cm and a variable height. In order to obtain disordered
systems, a rough base of 24 disks is glued to the bottom
giving a packing fraction of 0.7. The packing height h was
varied by regulating the height of the downstream lateral
wall �blocking bar�. The coordinate y is equal to 0 at the
rough bottom and increases toward the free surface. The axis
x is parallel to the rough bottom, the blocking wall is located
at x=0 and flow is oriented toward negative x values. The
cell is mounted over a plane which is slowly tilted, at con-
stant speed �=2.5° /min, until an avalanche takes place. A
digital camera mounted on one of the sides provides a lateral
view of the system, which is tape recorded �25 frames per
second� until the avalanche stops. The images are analyzed
by digital treatment: for each rearrangement visually de-
tected from the tapes, particles are tracked every 1

12 s.
In order to track the disks, they are painted in black and a

white line is painted across a diameter.
Packings were always constructed with the same proce-

dure in order to obtain a constant initial packing fraction,
which has been found to influence the stability of the system
�1,9,10�. The coordination number distributions were deter-
mined for ten systems in order to verify the disorder of the
packings. The mean coordination number is Z=3.8±0.4,
which indicates a stable disordered system �11�.

III. AVALANCHE PROCESS

As said in Sec. I the primary objective of these 2D ex-
periments is to analyze the avalanche process and to compare
the results with those obtained in 3D sphere packings �1�.
The second one is to verify the occurrence of packing rear-
rangements prior to the avalanche, as observed in 3D experi-
ments, and to study whether those rearrangements involve
only superficial grains or the bulk of the packing.

As described in the previous section, the packing is
slowly tilted until the avalanche is triggered. An avalanche is
said to occur when a considerable number of disks �one layer
or more� is displaced out of the cell. Before this catastrophic
event occurs, several small and big internal rearrangements
are observed. In this section the analysis of the avalanche
process is presented and in the next one we describe the
experimental observations about previous grain displace-
ments.

The tilt angle of the cell when the avalanche begins is
called the maximum angle of stability �M �see Fig. 2�. When

it ends, the free surface of the packing is no longer parallel to
the bottom of the cell but forms an angle � with it and an
angle �r=�M −� �angle of repose� with the horizontal �Fig.
2�.

The variation of �M with the height of the packing has
been studied. In Ref. �1� it was shown that, for 3D thick
systems, neither �M nor �r depends on packing height. The
same behavior is found in this case as shown in Fig. 3. N is
defined as N=h /d, where h is the packing height. Systems
with different heights were analyzed: �N�=7.4, 10, and 15.3.
These packings have a total number of disks ntotal=240, 360,
and 480, respectively. As in three-dimensional experiments
�1�, it was determined that at least ten identical experiments
had to be performed for each value of N. Neither the mean
value nor the standard deviation presents measurable varia-
tions when more experiments are added. Therefore, 40 ex-
periments were carried out: ten were done for N�7.4 and
N�10, and 20 for the thicker system N�15.3 where rear-
rangements will be studied in detailed �Secs. IV–VI�.

The mean values of �M and �r are plotted in Fig. 3 as a
function of N. Taking into account all 40 measurements it
can be seen that ��M�=36° ±3° and ��r�=23° ±4° for all
studied systems.

Furthermore, as in 3D experiments �1�, it is also observed
here that for thick systems �N�7�, only nav superficial disks
are involved in the avalanche �nav�96�. The rest of the disks
remain almost motionless: in many cases, it is observed that
perturbation �disks moving a distance less than d� can extend
throughout the whole packing. It is also verified that the

FIG. 1. �Color online� Experimental setup.

FIG. 2. �a� Maximum angle of stability �M, where the avalanche
begins. �b� Final configuration for thick packings �N�7�. White
zone �wedge of angle �� is proportional to the number of disks
displaced out of the system.

FIG. 3. Maximum angle of stability ��� and angle of repose ���
for disordered systems and maximum angle of stability for ordered
systems ��� of different heights ��N�= �h� /d�.
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number of disks displaced out of the cell during the ava-
lanche is ndisp=nav /2, independently of the value of N. This
result is shown in Fig. 4 where �ndisp� �mean number of dis-
placed disks� is plotted as a function of N. So the main char-
acteristics of the 2D avalanche process are found to be simi-
lar to those observed in the 3D packing.

In order to analyze the influence of the system disorder,
several experiments �at least ten� were performed with the
disks ordered in a periodic hexagonal network. Ordered sys-
tems of different heights were constructed. In this case, the
system is clearly layered, containing 31 or 32 disks in each
layer.

Small differences between disk diameters �d
=14.16±0.06 mm� can produce differences in the network
and introduce disorder in the packings. In order to be sure
that the initial condition is the same, we have constructed
each packing exactly in the same way: disks were numbered
and placed always at the same position and with the same
orientation.

Several differences with respect to the disordered systems
were observed: �a� no rearrangement of the packing occurs
prior to the avalanche; �b� the maximum angle of stability is
larger than in the disordered case, ��M�=44.0° ±2.3°; and �c�
the mass displacement during the avalanche is layer by layer
and as a consequence ��R����M� �after the avalanche, the
free surface remains parallel to the bottom of the cell�; nev-
ertheless, a small wedge of disks are stopped near the block-
ing bar and ndisp�nav−1. In Figs. 3 and 4 ordered system
results are superimposed with black symbols.

The next step was to study in detail the motion of disks
inside the packing before the avalanche occurs.

IV. REARRANGEMENTS: EXPERIMENTAL
OBSERVATIONS

As the number of disks taking part in the avalanche does
not depend on the height of the packing, the internal reorga-
nization of disks previous to the avalanche was studied in the
larger disordered system. So 15 experiments were studied in
detail for N�15.3 systems with a total number of disks
ntotal=480.

The first remarkable experimental observation is that
small rearrangements �up to three or four disks involved� of
both the surface and the bulk of the packing occur at all
times during the experiment. Those taking place at the sur-
face correspond to the fall of one disk which then pushes one
or two more. Motions of a few disks in the bulk of the
packing are usually due to the rupture of arches or are pro-
duced by the slip of a few disks beneath an arch. In Fig. 5 a
digitized image of a typical small rearrangement in the bulk
is shown: the black disk is the one that has moved.

Large reorganizations of the packing are also observed
throughout the experiment though they are more likely to
appear for tilt angles of the system larger than 17°. A large
rearrangement may involve up to 40% of the disks and a
large fraction of the free surface. In Fig. 6 an example is
presented. As before, black disks are the ones that have
moved during the reorganization of the packing. The number
of such collective events observed during an experiment var-
ies between 3 and 7.

An important feature of large events is that almost no
mass is displaced out of the cell although in some cases the
number of moving disks is twice larger than the ones moving
during the avalanche. For that reason we call these collective
motions internal rearrangements.

FIG. 4. Mean number of disks displaced out of the system dur-
ing the avalanche for disordered ��� and ordered ��� packings of
different heights ��N�= �h� /d�.

FIG. 5. View of a small event in the bulk: in black the disk that
has moved.

FIG. 6. View of a large event: in black disks that have
moved.
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The development of large rearrangements is always sud-
den; in less than 0.08 s �one frame� about 100 disks �20% of
the total number of disks� may be set in motion. Instead,
stopping may be as sudden as the development or much
slower. In Fig. 7 the time variation of the percentage of mov-
ing disks is displayed for large rearrangements with sudden
and slow stops. It can be seen that in both cases the total
development of the rearrangement takes less than 0.3 s while
the decay lasts for 0.25 s in the quicker event and nearly
0.8 s in the slower one.

Moreover, in some cases, two large rearrangements are
produced in cascade: before the motion of disks included in
the first one has finished, a second one is triggered. In that
case the temporal evolution of the reorganization displays
two peaks as shown in Fig. 8.

It is interesting to study in more detail these sudden
movements of the packing in order to establish if they influ-
ence the start of the avalanche. The next two sections are
devoted to the quantitative analysis of the velocity fields of
the disks and of changes in the internal structure of the pack-
ing produced by their reorganization.

V. VELOCITY FIELDS

From image analysis and particle tracking, velocity fields
were obtained for the 50 large events observed in the thickest

disordered systems. For each rearrangement visually de-
tected from the tapes, particles are tracked every 1

12 s. About
60% of the trajectories have between three and seven points
and 20% have from 20 to 50 points �corresponding to disks
in the upper layers which have longer free mean paths�.
These trajectories assure us that disks do not get trapped—
nor oscillate—in the interparticle spacing but they “collec-
tively flow” along a distance larger than one diameter. Only
20% of the trajectories, corresponding to disks in layers near
the bottom, have two points and these points are separated by
a distance which may be smaller than one diameter. It is
neither expected, nor visually observed, that disks in these
bottom layers have velocities large enough to collide during
the time between both frames, oscillating back and forth due
to collisions. However, in these cases we have also analyzed
even and odd fields of each frame �time elapsed between
them is 1

50 s� and we have not observed differences from the
velocities obtained every 1

12 s.
Two characteristic velocity fields are shown in Figs. 9 and

10. In some rearrangements, like the one presented in Fig. 9,
the flow is mainly tangential to the free surface and flow is
guided by faults in the packings. In others �Fig. 10�, the
rearrangements can affect the deeper layers due to regions of

FIG. 7. Evolution of the percentage of disks in motion as a
function of time during a rearrangement that stops either slowly ���
or suddenly ���. Rearrangement begins at t=0 s.

FIG. 8. Evolution of the percentage of disks in motion as a
function of time during a rearrangement when two rearrangements
occur in cascade. Rearrangement begins at t=0 s.

FIG. 9. Velocity field mostly tangential to free surface.

FIG. 10. Velocity field affecting inner layers due to availability
of empty space.
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lower local compacity available to moving disks and trig-
gered by ruptures or slides near arches in the bulk. The latter
leads to a flow with a strong component perpendicular to the
free surface, extending deeper into the system.

A. Distribution of velocities

Disordered systems were divided into slices of thickness
2d, labeled Li with i=1 for the rough bottom and i=8 for the
free surface. For each large rearrangement, disk velocity dis-
tributions were obtained in every slice and at all time steps

�frames� during the event. Distributions were obtained for
velocity components parallel and perpendicular to the free
surface �x̂ and ŷ, respectively�, and for 	V	=
Vx

2+Vy
2.

For each event, t�0 s is the time when the rearrangement
actually begins, but velocities were also determined 0.4 s
before �t�0� and 0.4 s after the beginning and end of each
event.

Rearrangements can start anywhere in the system and per-
turbations may extend to all slices. Characteristic distribu-
tions of Vy and Vx are shown in Figs. 11 and 12, respectively.

FIG. 11. Characteristic velocity distribution
for Vy in slice L6, at different times during the
same event. The system is not moving for t�0
and t	0.667 s.

FIG. 12. Characteristic velocity distribution
for Vx in slice L6, at different times during the
same event. The system is not moving for t�0
and t	0.667 s.
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The experimental error on the position of the disks is about
0.05d, or about 0.1d on the displacement lengths.

It can be seen that the component Vy �Fig. 11� remains
quite symmetrical during the whole process, with a peak of
the distribution at Vy �0. At some times �0.25� t�0.4 s� the
largest downward velocities �−ŷ� of the disks are observed as
they migrate toward empty spaces below.

Figure 12 shows that all disks move in the −x̂ direction:
upstream flow does not exist. At a first stage most of the
disks stay at rest or move at low velocities �Vx�2 cm/s�. At
longer times the velocities of the disks in the slice get more
widely distributed and reach values larger than 5 cm/s. Fi-
nally disks start to stop �t=0.58 s� and a Gaussian distribu-
tion with a mean value at Vx=0 is retrieved �t=0.67 s�. A
similar behavior is observed for 	V	.

Particular cases are slices L1 �bottom� and L8 �surface�.
The slice L1 is mostly undisturbed because it is in contact
with the fixed rough bottom which constrains the disk mo-
tion. On the other hand, disks in slice L8 are easily set in
motion and larger velocities are found in this slice.

B. Velocity profiles

In order to analyze the above described dependence of the
velocity on the distance to the rough bottom, mean values
�Vi� were computed for each slice at a given time. In this
way a mean velocity profile is obtained for every frame of
each rearrangement. Mean velocity profiles can be decom-
posed in two different behaviors: an exponential or half
Gaussian increase from the bottom �L1� to the free surface
�L8�, but in most of the cases it is not possible to describe the
profile in terms of one behavior or the other: a mixed behav-
ior is observed �Fig. 13�. As was said in Sec. I a similar
mixed behavior has also been reported �7,8� in a 3D experi-
ment. In general, these behaviors have been already observed
separately �4,7� or altogether �12,7,8�.

All these previous works deal with a steady state forced
by an external constant shear while in our experiments inter-
nal disk reorganizations are only due to contact network and
gravity effects and, in consequence, they are not stationary.
However, the 300 velocity profiles obtained for each tempo-

ral step of every large rearrangement produced in all the 15
experiments performed can be well fitted by a combination
of an exponential and a Gaussian term:

�V�y�� = Vsupe
�y−ysup�/
e−�y − ysup�2/2�2

, �1�

where y is the distance to the rough bottom, and Vsup, ysup, 
,
and � are fitting parameters. The values of ysup obtained
from fitting were in all cases compatible with the actual
height of the packing: ysup=15.3d±0.3d. As profiles are de-
termined during the full duration of an event, Vsup can take
values from almost zero up to a maximum of around 8d s−1.

 and � describe the decay lengths of the exponential and
Gaussian components, respectively, and the values obtained
show that 64% of the profiles are purely exponential �tri-
angles in Fig. 13�, only 3% of the profiles are purely Gauss-
ian �black dots in Fig. 13�, and 33% are a combination of
both contributions �squares in the same figure�. Solid lines
are the corresponding fittings with 
=3.3d, �=1.8d, 

=5.6d, and �=6d, respectively.

However, more interesting information is achieved by
comparing the percentages of both types of velocity profiles
obtained during the first large rearrangement of each experi-
ment with the same percentages during the last one, that is,
with that occurring just before the avalanche. In fact, consid-
ering only the first large internal reorganizations of each ex-
periment one finds that 76% of the profiles correspond to a
pure exponential behavior with �
�=3.2d±0.2d and only
24% to a mixed exponential-Gaussian one with �
�
=7.0d±0.5d and ���=6.2d±0.3d. And analyzing the last
event previous to the avalanche, the percentage of pure ex-
ponential profiles decreases to 54% ��
�=3.0d±0.5d� while
the one of mixed profiles increases to 41% ��
�
=5.2d±0.6d and ���=4.2d±0.5d�, and 5% of pure half
Gaussian profiles appears ����=1.6d±0.3d�.

VI. ANGULAR REARRANGEMENT OF DISK NEAREST
NEIGHBORS

An important feature of a two-dimensional packing is the
contact network, i.e., the location of the nearest neighbors
around each grain. Its knowledge provides a way to estimate
the disorder of the system. In fact, different order parameters,
translational and orientational, have been suggested in the
literature and it is still an open matter which is the best
candidate for a given granular system �e.g., packing fraction
or density, bond orientations, and local Q6 order metric�.
Bond orientations �or angle distribution of neighbors� and
other orientational parameters have been used as good order
parameters �3,11,14�.

Therefore, the study of how the contact network changes
when large rearrangements take place might be a useful tool
to clarify the role played by these rearrangements in the de-
velopment of the avalanche.

In order to describe the initial contact network of the
packing, the angles �i between successive neighbors of each
disk were measured at the beginning of each experiment �see
Fig. 14�. As not all events affect the packing deepest layers
we only determine contacts in superficial layers above 70%

FIG. 13. Mean velocity profiles �exponential �, mixed �, and
half Gaussian profiles ��; y is zero at the bottom of packing and
maximum at the free surface. Solid lines are the corresponding
fittings with 
=3.3d, 5.6d and �=6d, 1.8d, respectively.
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of the total height of the packing, in order to avoid an exces-
sive influence on the results of the motionless disks.

Histograms for the measured angles � are obtained for
data separated into 36 bins centered every 10° �0°, 10°,
20°,¼,350°�. For example, the second bin, centered at 70°,
takes into account angles between 65° and 75°.

The angle � may only vary between 60° and 300° and
periodic networks lead to a single value of � for all disks in
the bulk of the packing ��=60° for a hexagonal network, for
example�. In this way, the broadest the distribution of � val-
ues, the more disordered the system.

In Fig. 15 �dashed line� the distribution of � �as a percent-
age� is shown for the initial state of the hexagonal ordered
packing. It can be seen that 80% of the angles between
neighbors are equal to 60°. In the same figure, data corre-
sponding to the initial state of the 15 disordered packings
studied are superimposed with a solid line. It is clear that in
our systems around 60% of the contacts do not correspond to
an ordered network.

In each disordered system, angles �i are measured again
just before the avalanche begins, that is, after all the large
rearrangements have occurred. The difference between this
final distribution and the initial one is displayed in Fig. 16. A
decrease of the peak at �=60° and an increase of the distri-
bution for larger angles are observed. That is, in mean value
successive internal reorganizations in the packing increase its
disorder until the avalanche takes place.

This result, together with observations presented in Sec.
III, that in completely ordered packings, where no internal

reorganizations are possible due to the lack of free space, the
avalanche only takes place at a larger inclination angle of the
cell, seems to indicate the existence of a correlation between
the degree of disorder in the system and the angle at which it
loses its stability.

The above statement is verified by defining the fraction of
neighbors separated at �=60° as the order parameter of the
system �OP� and plotting the angle at which the avalanche
takes place versus the OP. In Fig. 17 the variation of �M with
the OP is plotted for the 15 experiments performed in the
thickest disordered systems. Notice that the point at �N�
=15.3 in Fig. 3 is the mean value of open squares in Fig. 17.
That is, under similar initial conditions the avalanche occurs
at different angles �M�33° ��M �41° � and Fig. 17 shows
that the system loses its stability at higher angles as the order
parameter of the packing just before the avalanche, increases.
As previously said, ordered hexagonal systems lose their sta-
bility at much higher angles �see Fig. 3�. The point corre-
sponding to an ordered system of the same height is super-
imposed in Fig. 17 �black square� only to show that data in a
wide range of the OP display an increasing tendency. In this
way, the idea that the greater the packing order, the higher
the angle at which the avalanche occurs, is reinforced.

FIG. 14. Angles between nearest neighbors of a disk.

FIG. 15. Initial distribution of �, angles between neighbors of a
disk, in superficial layers for an ordered hexagonal system �dashed
line� and a disordered system �solid line�.

FIG. 16. Difference between final and initial distributions of �,
angles between neighbors of a disk, for disordered systems.

FIG. 17. Maximum angle of stability as a function of the system
order parameter for disordered ��� and ordered ��� packings of the
same height.
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VII. DISCUSSION AND CONCLUSIONS

It was shown that the main features of avalanches in 3D
granular packings can also be observed in 2D systems. In
disordered systems, small and large rearrangements �without
mass displaced out of the system� occur prior to the ava-
lanche both in the surface and in the bulk. No rearrange-
ments �of any size� were observed in hexagonal ordered sys-
tems. The avalanche is triggered when �M is reached and 20
disks or more are displaced out of the box. For disordered
thick systems �N�7�, in which characteristic angles do not
change as the system increases its height, the surface of the
packing after the avalanche is plane and the angle of repose
�r is defined and neither the avalanche mass nor the charac-
teristic angles depend on the system height. The packing
stability threshold �M is bigger in ordered packings and after
the avalanche the free surface remains parallel to the bottom
of the cell ���R����M��.

Velocity profiles of large reorganizations occurring in dis-
ordered systems were well described by a combination of an
exponential and Gaussian behavior. This result shows that
previous association of the first dependence to two-
dimensional systems and the latter to 3D ones �13� is not
valid in the geometrical conditions used in this work.

Furthermore, it was found that considering only the first
large event most of the profiles �74%� are well described by

purely exponential dependence. On the other hand, analyzing
the last event previous to the avalanche, that percentage de-
creases while the number of combined profiles increases and,
even more, 5% of pure Gaussian behavior is found. In pre-
vious work �7� it was shown that the exponential contribu-
tion is related to layering displacement �which occurs in or-
dered systems� and the Gaussian part to disorder.

In addition, the study of changes in the internal structure
of the packing, presented in Sec. VI, shows that successive
reorganizations previous to the avalanche increase the sys-
tem disorder.

In conclusion, the experimental results in disordered sys-
tems �velocity profiles and changes in the internal structure�
together with the fact that ordered packings have a value of
the maximum angle of stability larger than disordered ones,
confirm that one of the main effects of rearrangements is to
increase the disorder of the system. Moreover, as the disorder
of the system increases its stability threshold decreases.
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